For the first time, we characterize the rigidity regimes of the diffusion coefficient κ for arbitrary rigidities and guide fields, which we derive as a function of physical and numerical parameters. We show that at turbulence levels above 5% of the total magnetic field, the approximation of an energy dependence κ ∝ E 1/3 as predicted for a Kolmogorov spectrum within Quasi-Linear Theory does not hold. Consequently, a proper description of cosmic-ray propagation can only be achieved by using a turbulence-level dependent diffusion coefficient and can contribute to solving the Galactic cosmic-ray gradient problem.
INTRODUCTION
Cosmic-ray diffusion is believed to be the dominant process for the transport of cosmic rays in many astrophysical environments [1] [2] [3] . In particular, the leaky box model of the Milky Way predicts that the cosmic-ray energy spectrum observed at Earth is steepened by diffusion: the spectrum is composed of the ratio of the source spectrum Q(E) ∝ E −α and the diffusion coefficient κ(E) ∝ E γ , i.e., N (E) ∝ E −α−γ [4] . These arguments are based on Quasi-Linear Theory (QLT), in which cosmic-ray propagation in an isotropic wave-vector spectrum G(k) ∝ E −5/3 leads to a parallel diffusion coefficient κ ∝ E 1/3 [5, 6] . Numerical simulations of particle transport in a combination of turbulent field b and homogeneous field B, were in accordance with this spectral index up to high b/B ∼ 1 [8, 9, 45] . These simulations are typically performed in a controlled plasma environment, i.e. a 3-dimensional cartesian grid structure with a spacing s and a number of grid points N grid is used to inject relativistic particles from a point source in a homogeneous ( B = B e z ) plus turbulent ( b) magnetic field in order to calculate the diffusion coefficient. Radiative losses are not considered. Recent studies have pointed out that these results need to be interpreted carefully, as the energy range in which the simulations are fully diffusive is strongly limited [10] [11] [12] [13] .
Here, for the first time, we present the classification of the diffusion coefficient in five different regimes. With this characterization of the validity range of the diffusive regime, we perform simulations that quantitatively investigate the spectral behavior of the diffusion coefficient with energy. We show the importance of the turbulence level with respect to the spectral behavior and argue that these findings are in accordance with the cosmic-ray gradient that is observed in the Galaxy.
THE FIVE REGIMES OF THE DIFFUSION COEFFICIENT
Based on our findings in the simulation (see supplement for examples) and from theoretical arguments, we identify five different propagation regimes. It is the resonant scattering regime (RSR) that corresponds to QLT, with a predicted energy dependence κ ∝ E 1/3 for a Kolmogorov-type wavevector spectrum G(k) ∝ k −5/3 . We find that the energy range for this regime is limited by the lower and upper turbulence scales of the system l min and l max , respectively. The reason is that particles with gyroradius r g interact with waves according to the gyro-resonance criterion ω − k v = nΩ, where k and v are the wavenumber of the fluctuation and the velocity of the particle parallel to the mean magnetic field. The relativistic gyrofrequency of the charged particle is denoted by Ω and n is a positive or negative integer. The frequency ω of the fluctuation is expected to be ω ∼ kv A for MHD fluctuations and can consequently be neglected for relativistic particles v ∼ c v A . With this reasoning, the gyro-resonance criterion is k = 2π/l = (µ r g ) −1 . Thus, for arbitrary pitch angles 0 ≤ |µ| = | cos θ| ≤ 1, not all particles find waves to resonate with when the limits of the wavevector spectrum are reached.
In order to quantify this effect and thereby the resonant-scattering transition, i.e. from partially to fully diffusive transport, we introduce the reduced rigidity ρ ≡ r g /l c . We use this definition as κ = cl c (r g /l c ) γ (B/b) 2 and thus, κ scales with ρ. Here, the correlation
) of the turbulent magnetic field b and the gyroradius r g = R/B are introduced, where R = p/q (momentum over charge) is the rigidity. The behavior of κ(ρ) can be interpreted in terms of an energy dependence and provides a validity for a relatively large parameter space as demonstrated in the supplement.
In the following, we quantify the regimes in order of increasing ρ according to the expected transition with respect to resonant scattering within a range of length scales l min ≤ l ≤ l max and discuss their origin.
Non-Resonant Scattering Regime (NRSR):
For ρ l min /(2π l c ), particles cannot scatter resonantly, as |µ| = l 2πrg cannot be fulfilled. The smaller the reduced rigidity, the larger the effect, while the parallel diffusion coefficient is expected to increase toward low ρ. Because of the small gyroradius in combination with a large parallel diffusion coefficient for small reduced rigidities, particles follow field lines for a long time.
Mirror Regime (MR):
At values l min /(2π l c ) ρ l min /(π l c (b/B)), particles scatter resonantly given appropriate pitch angles. As scattering is prohibited for parts of the pitch angle spectrum, mirroring occurs instead [11, [14] [15] [16] . Two effects oppositely affect the diffusion coefficient with reduced rigidity: the missing pitch angles enhance diffusion, while mirroring reduces parallel diffusion. Thus, the diffusion coefficient decreases somewhat above the boundary ρ ∼ r g /l min but then increases toward the upper end of the MR, because the range of pitch angles that can scatter resonantly is widening until the resonant scattering regime is reached.
Resonant Scattering Regime (RSR):
For l min /(π l c (b/B)) ρ l max /(2π l c ), particles can scatter resonantly for almost all µ -they still cannot scatter at µ = 0, but via pitch angle fluctuations δµ, they are able to scatter over that gap from −µ min to +µ min and vice versa. This phenomenon explains the lower boundary condition as follows: A gyroresonant wave produces a change in pitch angle δµ of order δµ ≈ b/B when scattered once [17] . Presuming that successive scatterings are uncorrelated and can be treated as a random walk, and that the cosmic rays encounter one wave per gyroorbit, then the corresponding diffusion coefficient in pitch angle space is D µµ = (∆µ) 2 /∆t ∼ ω c (b/B) 2 , with ∆µ the scattering angle after many scatterings and ω c as the gyro frequency. The corresponding spatial diffusion coefficient is v 2 /D µµ . Particles can scatter over the gap at µ = 0, i.e. over the distance of ∆µ ∼ b/B = µ min − (−µ min ) = 2µ min . Thus, all possible pitch angles are available for scattering at ρ > l min /(2πr g µ min ) = l min /(πr g b/B), setting the lower scale of this regime for a given ratio b/B. The upper boundary is defined by the condition that particles with gyroradii exceeding the injection scale cannot scatter resonantly.
Transition Regime (TR):
For l max /(2πl c ) < ρ < 5 l max /(π l c ), the transition to the quasi-ballistic regimes occurs, as particles are again limited in their pitch-angle scattering, since l max is reached. The transition starts when the gyroradius approaches wavelengths of the size of the maximum scattering length 2 πr g ∼ l max . At larger values, the resonance condition again prevents scattering. Scattering likelihood decreases until the quasi-ballistic regime is reached at ρ = 5 l max /(π l c ). The transition regime is expected to extend one order in the reduced rigidity [18] .
5.
Quasi-Ballistic Regime (QBR) For ρ > 5l max /(π l c ), scattering is only possible for µ ≈ 0, which is why we term this range quasi-ballistic. This criterion follows from µ = l max /(2πr g ) = 1. Larger values for µ are not possible and thus define the point of transition out of the fully resonant scattering regime. With l max = 5l c , this leads to r g = l max /(2π) = 5 · l c /(2π), which results in ρ = r g /l c = 5/(2π). In QLT, the dependency of the diffusion coefficient becomes κ ∝ (B/b) 2 ρ 2 c l c , see, e.g., Ref. [19] and references therein.
The diffusion coefficient for a broad range of ρ is displayed in Fig. 1a . Figure 1b shows the fraction of pitch angles that are available for scattering, indicating that the RSR is the only range in which all angles are accessible. The two different contributions to the light blue area are derived in Fig. 1c , which shows the pitch angle as a function of reduced rigidity together with the boundaries (l min , l max )/2πr g and the gray boundary lines outside of which scattering is fully non-resonant. This effect is depicted in the two lower panels of Fig. 1 as the light blue area with vertical white lines into which particles are able to scatter on average. The blue area with dots indicates the parameter space which allows scattering according to the gyro-resonance criterion. With these considerations, we can now for the first time present simulation results for a fully defined RSR and compare to QLT.
For physically relevant conditions, the smallest scale is the dissipation level, i.e., l min = l diss , while the largest scale is the turbulence injection scale l max = l inj . In the context of global Galactic propagation, supernova remnants (SNRs) are believed to be responsible for injection, and thus the outer scale is expected to be on the order of l Galaxy inj ≈ 10 − 100 pc [19] . Measurements of the wavevector spectrum set an upper limit to the injection scale of l diss 10 9 cm [20] . These values indicate that for Galactic propagation, the ratio of injection to dissipation scale required for simulation should be l max /l min 3 × 10 11 . Current simulations usually employ grids with N 3 grid = 10 10 − 10 11 grid points, limited by available memory. The largest scale l high = N grid s/2 is related to the spacing s. Thus, for our simulations, the largest and smallest scales are given either by simulation requirements or by physical conditions: l min = max(l diss , 2 s) and l max = min(l inj , l high ). Only one of the two can be set independently. As the injection scale is typically linked to turbulence injection by SNRs, this, together with the computational limitations on N grid , typically determines a lower scale for the simulations above the physical dissipation scale. Thus, for a part of the spectrum, wavelengths for the particle-wave interactions are missing that would be present in the physical situation. Thus, in Fig. 1 , particularly the transitions that include l min usually cannot be interpreted in a physical way, but stem from this numerical effect.
SIMULATIONS OF THE DIFFUSIVE REGIME
Our simulations are based on the well-established Taylor-Green-Kubo (TGK) formalism [21] , see, e.g., Ref. [8-10, 12, 13, 18, 22, 45] . Building on previous work in the area that focused on specific parameter points and resolutions, we conduct a systematic and careful analysis that reveals key conditions on numerical simulation requirements. This method Here, we use a Kolmogorov-type spectrum, i.e., isotropic and without intermittency:
with k min = 2π/l max , k max = 2π/l min , and α = 5/3. The correlation length in the limit l min /l max 1 yields l c = l max /5 [23] .
For discrete step sizes s step = v ∆t, the diffusion coefficient can be calculated as
i indicates the three spatial directions. Here, we only consider parallel diffusion κ ≡ κ ii = κ .
The perpendicular component will be discussed elsewhere. Further, t = n ∆t is the time after n time steps. We propagate particles on a grid with N grid = 1024, s = 0.17 pc, l min = 1.7 pc and l max = 82.45 pc. With the large grid and correspondingly broad spectrum, particles always find waves for interactions [24] . The comparatively large l min = 10s [24] is chosen in order to reduce interpolation errors. In [24] it is shown that due to the interpolation of the turbulent magnetic field the magnetic wavevector spectrum (a > 5/3) can deviate from a Kolmogorov-type spectrum and becomes relevant for the lowest ridgidities. We therefore chose ρ = 0.3 as an absolute lower boundary in the fits (see supplemental material) to exclude the numerical effects.
For Gaussian particle distributions, the running diffusion coefficient κ(t) is expected to converge in time to a constant value κ(t) → κ. Simulation are stopped once converged, and the final value of the diffusion coefficient is taken as the steady-state one. We repeat these simulations for different reduced rigidities and fit a power law κ ∝ ρ γ to the RSR range, where particles experience true diffusion: l min /(π l c (b/B)) < ρ < l max /(2π l c ). We test this for a broad range of turbulence levels 0.05 < b/B < 2. The resulting spectral index as a function of b/B is shown in Fig. 2 . The QLT limit of γ = 1/3 is not yet reached at the 5% turbulence level, but is expected to at even lower b/B. At b/B = 1, the upper limit for diffusion is reached, consistent with Bohm diffusion κ ∝ ρ 1 . 
DISCUSSION AND OUTLOOK
The two key findings of this work are 1. The energy range for diffusive propagation is highly constrained. In the ideal situation, where a simulation covers the entire wavevector spectrum with a physical k min and k max , the five regimes we present are physical and need to be considered in cosmicray propagation. It should be noted that our interpretation of the regions below and above the resonant scattering regime can change if we go from having sharp cutoffs in the wavevector spectrum [Eq.
(1)]. In particular, in the mirror regime, more waves for scattering will be available and the effect in the MR will be reduced and only become more prominent toward the boundary of the NRSR. Conclusions about the RSR, NRSR and QBR stay the same. In particular, our results presented on the diffusion coefficient are unaffected.
2. By selecting an appropriate range for the fits to the energy dependence of the particles, we quantitatively show for the first time that QLT is not valid at turbulence levels higher than 5% for Kolmogorov turbulence. Around b/B ∼ 1, the Bohm diffusion limit κ ∝ ρ 1 is reached. Qualitatively, the steeper energy dependence of the diffusion coefficient at larger b/B occurs because higher energy particles "see" the larger-amplitude turbulence first and start transitioning to the Bohm regime before lower-energy particles do. A more quantitative explanation of this effect is beyond the scope of this paper and will be addressed in forthcoming work.
These results can be put into an astrophysical context, specifically diffuse gamma-ray emis- Cosmic-ray self-confinement via the streaming instability [17] has an influence on the spectrum. However, this requires cosmic-ray energies below which the cosmic ray flux, which excites the instability, is large enough to overcome damping by the thermal background. It has long been recognized that above this critical energy, there must be a transition to confinement by turbulence from another source. Estimates for this critical energy are in the 100 − 300 GV range, depending on the damping mechanism ( [14, 27, 28] ). This could produce a spectral break as observed in cosmic-ray data [28, 29] . It is unclear, however, if the instability can be maintained up to energies as high as 100 GV [30] . It is also beyond the scope of this work to tie this to a trend with galactocentric radius and we simply point here that such an influence needs to be taken into account for a full simulation of Galactic propagation.
Galactocentric effects that could cause the steepening in the spectrum can be divided into data reduction problems and transport-related phenomena. We provide a list and argue that our present findings support argument number 5:
1. Unresolved point sources can play an important role. While Ref. [31] argues that this contribution should be negligible, its role is not fully understood [32] .
A limited understanding of the gas distribution, and with it a possible systematic error
in the data cannot be excluded. This is particularly true for the central volume with r < 1 kpc [25] , which could have steeper cosmic ray spectra. However, data at TeV energies exist indicating that the local spectrum is quite flat [33] . This last effect, which has commonly been employed as a phenomenological explanation [34, 35] , can now be supported by fundamental arguments: The turbulence level increases toward the outer parts of the Galaxy [36] [37] [38] . With the increase of the diffusion spectral index toward higher turbulence levels, we expect the spectrum toward large galactocentric radii to become steeper. Our results indicate that the scenario of a diffusion-driven change in the spectral index needs to be be taken into account when trying to explain the cosmic-ray gradient problem in the Galaxy. Future work on detailed simulations of Galactic transport, including the b/B dependence as derived here, in comparison with state-of-the-art observations will help to discriminate the different scenarios.
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The boundaries of the RSR derived within this study can be rescaled analogously as follows
for the lower boundary E min of the RSR and We present simulated diffusion coefficients as functions of reduced rigidity in Fig. 4 . The different fluctuation ranges demonstrate the dependence of the upper boundary of the NRSR on l min , indicated by the vertical dashed-dotted colored lines. The upper boundary of the RSR is independent of l min and l max as long as l c is constant. Due to the small distances between l min and l max the approximation l c = l max /5 becomes inaccurate, therefore the exact definition of the correlation length is used for these simulations [49] : 
APPENDIX D: MIRRORING
The strong occurrence of the mirroring effect for five exemplary particle trajectories for low energy particles is demonstrated in Fig. (5) . Here, the pitch angle µ = cos θ of each particle is shown as a function of the travelled distance in number of gyrations. After traveling a certain distance along the background magnetic field, they turn around due to a magnetic bottle that is generated in the magnetic field.
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